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Annoucement

I OSH remarking form: put your group name/number (if
working in a group) on the form!



Today: learning goals

1. Derive DEs and scale them (cont’d from last Friday)
I Law of mass action
I Logistic growth

2. Use slope fields to sketch solutions of DEs



Law of mass action

I Chemical reactions happen because mixed molecules collide
into each other. The concentration of any reactant increases
→ The possibility of collision becomes higher → The reaction
is faster.

I Law of mass action: rate of reaction = k× (concentration of
reactant 1) × (concentration of reactant 2) × · · · .



Law of mass action

In a chemical reactor with a constant volume, substance A is
added at a constant rate of change of concentration I. Three
molecules of A react to form a product. Derive a differential
equation to describe the concentration of A in the reactor a(t).
The reaction rate coefficient is k.

Document Camera

I Nonlinearity arises due to the nature of chemical reactions!



Your turn...

Q1. Suppose one molecule of A and two molecules of B combine
in a chemical reaction following the law of mass action. If the
concentrations of A starts out as half that of B, give an equation
for da

dt , where a(t) is the concentration of molecule A.

A. da
dt = −2ka

B. da
dt = −ka3

C. da
dt = −2ka2

D. da
dt = −4ka3

E. None of the above



Logistic growth

Document Camera

I Uncontrolled population growth

dN

dt
= rN

I This is not realistic, since there is only limited amount of
resources. A common modification to the above model is
logistic growth

dN

dt
= rN

(
1− N

K

)
I The nonlinear term −rN2

K controls population growth when
N gets big.



Scaling (Nondimensionalization)

I Notice the logistic growth equation

dN

dt
= rN

(
1− N

K

)
I It has two parameters r, K. Both have units. Are they both

important mathematically?

Document Camera

I One equation rules all!



Summary

I Differential equations often describe a scientific process
(physics, chemistry, biology).

I You should be able to write down a DE given a description
I Key idea: write down a balance relationship, and put it in a

mathematical formula

I Using scaling (Nondimensionalization), one can obtain
simplified equations which represent the behaviour of a family
of equations.



Sketch solutions to differential equations using slope fields



Slope fields

Consider the autonomous differential equation

dy

dt
= f(y)

I If graphing the general solutions:a family of curves on the
y − t plane.

I The tangent line to any curve at a point (t, y) has slope equal
tof(y) since dy

dt = f(y).

I Sometimes, the equations are hard to solve. But...

I If we know how the slopes look like (called slope fields) in the
whole y − t plane, then we would have a very good idea on
what the solutions look like.

I Keep in mind that the slope field is continuous—at every
point, there is a slope value.



Slope fields

Example:
dy

dt
= 2y

I Idea: dy
dt = 2y is the slope of the tangent line to the solution

y(t).



Slope fields

Step 1: calculate a few representative slopes at different y values.
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Example 13.6 Consider the differential equation
dy

dt
= 2y. (13.4)

Compute some of the slopes for various y values and use this to sketch a slope field for this
differential equation.

Solution: Equation (13.4) states that if a solution curve passes through a point (t, y), then
its tangent line at that point has a slope 2y, regardless of the value of t. This example is
simple enough that we can state the following: for positive values of y, the slope is positive,
for negative values of y, the slope is negative, and for y = 0 the slope is zero. We provide
some tabulated values of y indicating the values of the slope f(y), its sign, and what this
implies about the local behaviour of the solution and its direction. Then, in Figure 13.1
we combine this information to generate the direction field and the corresponding solution
curves. Note that the direction of the arrows (rather than their absolute magnitude) provides
the most important qualitative tendency for the slope field sketch.

y f(y) = 2y slope of tangent line behaviour of y direction of arrow
-2 -4 -ve decreasing ↘
-1 -2 -ve decreasing ↘
0 0 0 no change in y →
1 2 +ve increasing ↗
2 4 +ve increasing ↗

Table 13.1. Table of derivatives and slopes for the differential equation (13.4) in
Example 13.6.
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Figure 13.1. Direction field and solution curves for Example 13.6.

In constructing the slope field and solution curves, the following basic rules should
be followed:



Slope fields

Step 2: On the y − t plane, draw short segments of tangent lines
at the same t value. Replicate for other t values.
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Example 13.6 Consider the differential equation
dy

dt
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Compute some of the slopes for various y values and use this to sketch a slope field for this
differential equation.

Solution: Equation (13.4) states that if a solution curve passes through a point (t, y), then
its tangent line at that point has a slope 2y, regardless of the value of t. This example is
simple enough that we can state the following: for positive values of y, the slope is positive,
for negative values of y, the slope is negative, and for y = 0 the slope is zero. We provide
some tabulated values of y indicating the values of the slope f(y), its sign, and what this
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curves. Note that the direction of the arrows (rather than their absolute magnitude) provides
the most important qualitative tendency for the slope field sketch.

y f(y) = 2y slope of tangent line behaviour of y direction of arrow
-2 -4 -ve decreasing ↘
-1 -2 -ve decreasing ↘
0 0 0 no change in y →
1 2 +ve increasing ↗
2 4 +ve increasing ↗

Table 13.1. Table of derivatives and slopes for the differential equation (13.4) in
Example 13.6.

-2

-1.5

-1

-0.5

0

0.5

1

1.5

0 1 2 3 4

y

t
-2

-1.5

-1

-0.5

0

0.5

1

1.5

0 1 2 3 4

y

t
(a) (b)

Figure 13.1. Direction field and solution curves for Example 13.6.

In constructing the slope field and solution curves, the following basic rules should
be followed:



Slope fields

Step 3: Start from a few different initial points, sketch solution
curves following the tangent line segments field.
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Figure 13.1. Direction field and solution curves for Example 13.6.

In constructing the slope field and solution curves, the following basic rules should
be followed:



Your turn...

Sketch the slope field for

dF

dt
= a− bF

on the following set of axes. Then sketch some solution curves.

t

F (t)

a

b



The logistic equation

dN

dτ
= y (1− y)

I What do the solutions to the logistic equation look like?



The logistic equation
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Figure 13.8. (a) Slope field and (b) solution curves for the logistic equation (13.9).

y(0) = y0. The successive values of y were calculated according to

y1 = y0 + 0.5y0(1− y0)h

y2 = y1 + 0.5y1(1− y1)h

...
yk+1 = yk + 0.5yk(1− yk)h.

From Fig. 13.8, we see that solution curves approach y = 1. This means that the population
N(t) approaches the carrying capacity K for all nonzero starting values, i.e. there will be
a stable steady state with a fixed level of the population.

These results were generated on a spreadsheet. A useful feature of spreadsheets
is that the repetitive calculations can be handled automatically by dragging a cell entry
containing the results for one iteration down to generate other iterations. Once the method
is implemented, it is also easy to change the initial condition, just by changing a single cell
entry.

Example 13.21 (Inflection points) Some of the curves shown in Figure 13.8(b) have an
inflection point, but others do not. Use the differential equation to determine which of the
solution curves will have an inflection point.

Solution: From Figure 13.8(b) we might observe that the curves that emanate from initial
values in the range 0 < y0 < 1 are all increasing. Indeed, this follows from the fact that if
y is in this range, the rate of change ry(1 − y) is a positive quantity.

The logistic equation has the form
dy

dt
= ry(1 − y) = ry − ry2

This means that (by differentiating both sides and remembering the chain rule)

d2y

dt2
= r

dy

dt
− 2ry

dy

dt
= r

dy

dt
(1− 2y).

I Do the solutions have an inflection point?



Summary

I The general solutions to a DE can be graphed as a family of
curves.

I A slope field is a geometrical representation of slopes of
tangent lines to these curves.

I The slope field can sometimes be obtained without solving the
DE.

I One can qualitatively sketch how the solution curves look like
with the help of the slope field.



Answers

1. D


