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Announcements

I WeBWorK assignments for next week!

I New Office hours: T 2:30-4:00 W 3:00-4:00 @LSK 300

I Office hours Today: 3:00-4:00 @LSK 300

I MLC: open from Sep. 14
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Today

I Power functions cont’d

I Even and odd functions

I Polynomials and sketching their graph



Last time: asymptotic thinking

I Small powers dominate close to x = 0; large powers
dominate for large x.

2 Chapter 1. Power functions as building blocks

Let us consider the power functions, that is functions of the form

y = f(x) = xn,

where n is a positive integer. Power functions are among the most elementary and “elegant”
functions 1. They are easy to calculate, very predictable and smooth, and, from the point of
view of calculus, very easy to handle.

From Figure 1.1a, we see that the power functions (y = xn for powers n = 2, . . . 5)
intersect at x = 0 and x = 1. This is true for all integer powers. The same figure also
demonstrates another extremely important fact: the greater the power n, the flatter the
graph near the origin and the steeper the graph beyond x > 1. This can be restated in terms
of the relative size of the power functions. We say that close to the origin, the functions
with lower powers dominate, while far from the origin, the higher powers dominate.

y

x2

x5

x3

x4

5x2

2x3

y

(a) (b)

Figure 1.1. (a) Graphs of a few power functions y = xn. All intersect at x = 0, 1.
As the power n increases, the graphs become flatter close to the origin and steeper at large
x values (LG 1). Near the origin, power functions with lower powers dominate over (have a
larger value compared to) power functions with higher powers. Far from the origin, power
functions with higher powers dominate (LG 2). (b) Graphs of the two power functions
(y = 5x2, y = 2x3). Close to the origin, the quadratic power function has a larger value,
whereas for large x, the cubic function has larger values. The functions intersect when
5x2 = 2x3, which holds for either x = 0 or x = 5/2 = 2.5 (LG 3).

More generally, a power function has the form

y = f(x) = K · xn

1We only need to use multiplication to compute the value of these functions at any point.



Domination

Fact (Domination of power functions)

When a power function axn dominates another bxm in a range
of x, that means

axn + bxm ≈ axn

in that range of x (asymptotically).

Example
How does 2x4 + 0.5x2 behave close to x = 0 and at large x
values? Demo

https://www.desmos.com/calculator/hgjvhtxonk


Polynomials

Definition (Polynomials)

A polynomial is a sum of power functions.



Even and odd functions



Even and odd functions

Definition (Even and odd functions)

I f(x) is an even function if it is symmetric about the
y-axis or

f(−x) = f(x), ∀x;
(∀ = for all)

I f(x) is an odd function if it is symmetric about the origin
or

f(−x) = −f(x), ∀x.



Even and odd functions

Example
The function y = f(x) = C for C constant is an even function

I Geometric argument: a constant function is symmetric
about the y-axis.

I Algebraic argument: f(−x) = C = f(x)



Even and odd functions

Q1. The product of two odd functions is

A. an odd function

B. an even function

C. both even and odd

D. neither even nor odd

E. not enough information to tell

I Let h(x) = f(x)g(x) with f, g being odd functions,

h(−x) = f(−x)g(−x)
= (−1)2f(x)g(x)
= f(x)g(x) = h(x).



Even and odd functions

Q2. The function f(x) = x2

1+x2 (the quotient of two
polynomials is called a rational function) is

A. an odd function

B. an even function

C. both even and odd

D. neither even nor odd

E. not enough information to tell



Even and odd functions

Q3. The function g(x) = x3

1+x3 is

A. an odd function

B. an even function

C. both even and odd

D. neither even nor odd

E. not enough information to tell



Even and odd functions

I If f(x) and g(x) are both even functions then f + g,
f − g, fg, and f/g are all even functions.

I If f(x) and g(x) are both odd functions then f + g and
f − g are odd functions, but fg and f/g are even
functions.

For you to think about: Why is this true?



Sketching a polynomial

I Goal: to be able to easily sketch the graph of a simple
polynomial function

f(x) = axn + bxm.

I Key idea:
I Lower powers dominate near x = 0.
I Higher powers dominate for x far from 0.
I Use symmetry (even and odd power functions).



Sketching a polynomial

Example (Sketch y = x5 + ax3.)

I Near x = 0, y ≈ ax3. a < 0, a = 0, a > 0:

I Far from x = 0, y ≈ x5:



Sketching a polynomial

Example (Sketch y = x5 + ax3.)
a < 0: a = 0: a > 0:



Sketching a polynomial

Example (Sketch y = x5 + ax3.)
a < 0: a = 0: a > 0:

Zeros are the x locations where the function value becomes 0.



Finding the zeros

Q4. Suppose a = −4, with y = x5 + ax3. The zeros of
y = x5 − 4x3 are:

A. x = 2

B. x = ±4
C. x = ±2
D. x = 0,±2
E. x = 0,±

√
2



Power functions and curve sketching

Q5. Which of the functions below has this graph?

A. x3 − x5

B. x5 − x3

C. x4 + x2

D. x4 − x2

E. x2 − x4

I Step 1: odd or even, or neither?

I Step 2: asymptotic behavior



Today...

I Power functions and domination

I Polynomials: f(x) = axn + bxm

I Rational functions: g(x) = axn+bxm

cx`+dxk

I Even functions vs. odd functions

I Sketching the graph of simple polynomials:
I Large powers away from x = 0
I Small powers near x = 0
I Connecting different parts smoothly
I Identify the zeros

I Check the last slides for sample exam problems



Answers

1. B

2. B

3. D

4. D

5. E



Sample Exam Questions

1. When x = 1000, the function g(x) = 6x4+12x2+64x−87
2x3−6x2+x

is
closet to

A. 0.003
B. 3000
C. 1000000
D. 6
E. 3

2. Sketch the graph of f(x) = 8x2 − x5.


